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Abstract. Let Ratk be the space of based holomorphic maps from S to itself of degree k. 
Let /3fe denote the Artin's braid group on k strings and let be the classifying space of ft. 

Let Cfc denote the space of configurations of length less than or equal to k of distinct points 
in R 2 with labels in The three spaces Rat^, Bftfc, Ck are all stably homotopy equivalent 
to each other. For an odd prime p, the F p -cohomology ring of the three spaces are isomorphic 
to each other. The F2-cohomology ring of Bftfc is isomorphic to that of Ck- We show that 
for all values of k except 1 and 3, the F2-cohomology ring of Ratk is not isomorphic to that 
of B@2k or Cfc- This in particular implies that the //^-localization of Ratk is not homotopy 
equivalent to //F2-localization of Bftfc or Cfc- We also show that for fe > 1, Bftfc an d B02k+l 
have homotopy equivalent //^-localizations. 



1. Introduction 

Let Pk denote the Artin's braid group on k strings. Let Bj3k be the classifying space of pk- Let 
Cfc(M 2 , S 1 ) denote the space of configurations of length less than or equal to k of distict points in 
R 2 with labels in S 1 , with some identifications. We use just Ck to denote the space Ck(R 2 , S 1 ). 
Let Rat/, be the space of based holomorphic maps from S* 2 to itself of degree k. 

[13], [SI [7] shows that theses three spaces Rath, Bfok, Ck are all stably homotopy equivalent. In 
fact, [8] [14] shows that these spaces split stably as a wedge sum \/j<kDj(S 1 ), where Dj = Cj/Cj-i 
is a space related to the Brown-Gitler spectra. The three spaces are closely related to £l 2 S 2 . We 
explain some facts about these spaces in the next section. 

Totaro [15] has shown that the three spaces have isomorphic F p -cohomologies for an odd prime 
p. He has also shown that the F2-cohomology ring of Bfiik is isomorphic to that of Ck and if k + 1 
is not a power of 2, then the F2-cohomology ring of Rath is not isomorphic to that of Bfck or Ck- 
This paper extends the result to all values of k except when k — 1 or k — 3 [Theorem 13. lj . This in 
particular implies that Rath is not homotopy equivalent to Ck if k is not equal to 1 or 3. Bousfield 
has defined the localization of spaces with respect to homology in t 2j. Two spaces X and Y have 
homotopy equivalent iJi?-localizations if and only if there are maps X — > X% <— Y such that each 
map induces an isomorphism on homology groups with coefficients in the ring R = Z, ¥ p or Z[g -1 ]. 
Our result implies that, 7JF2-localizations of Rath and Bfok are not homotopy equivalent. We also 
show that for k > 1 B@2k and Bfok+i have isomorphic F2-cohomologies and iJF2-localizations of 
Bfok and B/^fc+i are homotopy equivalent [Lemma l2.2j . 

For k = 1, the three spaces Rati, Rfii and C\ are all homotopy equivalent to S 1 . For fc = 3, 
it turns out that the corresponding three spaces have isomorphic cohomology rings with coeffi- 
cients in F p for any prime p. Moreover, the actions of the dual of the Steenrod algebra on the 
F2-homologies of Rat^, B(3q and C3 are also isomorphic. 

Acknowledgements: The author thanks his PhD supervisor Burt Totaro for introducing to this 
subject and for numerous interesting discussions. 



2. B(3k, Ck, Ratk 

In this section, we describe the three spaces Ratk, Bf3k and Ck, their respective integral coho- 
mologies and their relation with the space £l 2 S 2 . We also describe the coalgebra structure of their 
respective F 2 -homologies. For this chapter, the default ring of coefficients is F 2 . 
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Let il 2 S 2 be the double loop space of S 2 , i.e the space of maps from S 2 to itself. 

Mn 2 S 2 )^ir 2 (S 2 )^Z, 
where the degree map induces an isomorphism 

2.1. Bj3 k . The braid space Bj3 k is the classifying space of the braid group on /c-strings, (3 k . Let 
.F(R 2 , k) denote the configuration space of fc-points in R 2 , i.e. 

F(R 2 ,£;) = {( Xl ,...,x k )\xi £R 2 ,i^j^Xi ^ Xj }. 

The symmetric group on k elements Y, k acts freely on ^(R 2 ,^). We can take F(M. 2 , fc)/E/c as a 
model of the classifying space of Thus the space Bf3 k is the space of unordered fc-tuples of 
points in R 2 . The space Bj3 k can also be described as the space of degree k complex polynomials 
without multiple roots and with the leading coefficient equal to the unity. 

The rational cohomology of the braid groups is as follows ([TB], Theorem 8.1-2). 

Lemma 2.1. For k > 2, the rational cohomology groups of B(3 k are trivial except for 

H°(Bl3 k ;Q) =Q, 

H^BfaQ) =Q. 

And for k > 1, 

H\BI3 2k+1 ;Z) ^H\Bf3 2k] 1). 
As the spaces B{3 2k , Rath and C k are stably homotopy equivalent to each other, 

H l (Bf3 2k ; Z) Si H\Rat k ; Z) * H\C k ;1). 

F. Cohen has calculated the F p -homology of TJ Bf3 k and £l 2 S 2 in [5]. The spaces fl 2 S 2 and S/3j. 
are C2-spaces, i.e. C 2 , the 'little 2-cubes operad' acts on them. Hence there is the Araki-Kudo 
operation on the F2-homologics of ]J fe Bf3 k and fl 2 S 2 , Q : H q — * H 2q+ i and the Pontrjagin product 
which makes their homologies commutative rings. Let £l k S 2 denote the k th component of S! 2 5 2 
corresponding to the degree k maps / : S 2 — > S 2 . Then Q maps Hi(tt 2 S 2 ) to -f/2i+i(^ 2 ! fc'-' 2 )- 

There is a natural map : i?/3fe ^feS* 2 - This map can be described as follows. Replace the 
fc-tuple of distinct points in R 2 by k disjoint unit circles in R 2 . Then define a map from R 2 U oo to 
itself by sending everything except interiors of unit circles to the point at infinity and by sending 
the interior of each unit circle onto the whole of R 2 homeomorphically. Identifying R 2 U oo with 
S 2 by the stereographic projection gives a degree k map from S 2 to itself. This is precisely the 
natural map 4> from B(3 k to ^\S 2 . An algebraic construction of a map Bf3 k — > Q 2 S 2 is given in 
section 1, |13j . 

Note that 

m{Bp k ) S£0 k , 
7n(fi 2 5 2 ) =Z, 
7r n (Bj9fc)S{0},V*>l. 

Hence the map <f> can not be a homotopy equivalence in any range of dimensions. But it turns 
out that the map induces an isomorphism of homologies up to dimension \k/1\ :=the greatest 
integer smaller than or equal to k/2. 

The map <fi induces a map $ : Ufc>o B(3 k — > il 2 S 2 . Let g be the generator of Hq(B(3i). By 
using the map <&, let g also denote the generator of Ho(tt 2 S 2 ). Then the homology of these two 
spaces is build-up by the 'Araki-Kudo' operation Q and its iterations Q l (x) — Q{Q l ~ 1 {x))- To be 
precise, there are algebra isomorphisms (appendix III, [5]) 

H*(\]_Bp k )=W 2 [g,Q 9l Q 2 g,...l 



H^tfS 2 ) = ¥ 2 [g,g- 1 ]®W 2 [Qg,Q 2 g,.. .]. 
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Note that the dimension in homology of Q l g is 2* — 1 and is contained in the 2 l th component 
of il 2 S 2 . Define the weight of a homology class to be the component in which that class lives. 
Hence, H*(B(3k) is the span of monomials in g, Qg, Q 2 g, ... of weight fc, where Q % g has the weight 
2 l and the dimension 2 % — 1. Hence note that for any k, the top dimensional homology of B(3 k 
is generated by a single element. If the binary expansion of k is k = Ylj^j then this top 
dimension is H k _\j\. Also notice that Q(x 2 ) — x 2 Qx + Qx ■ x 2 — as the homology coefficients 
are in F 2 . 

Further, this operation Q is linear and that the Cartan formula holds (lemma 5.2, IX, [S]) 

Q{xy) = x 2 Qy + Qx ■ y 2 . 

The coproduct structure on the homology, i.e. the cup product strucutre on the cohomology of 
Bf3k is as given below. It turns out that H t (B(3 k ) is a primitively generated Hopf algebra, i.e., let 

tp : if* -> i?* ® H„ 

denote the coproduct on the homology. Then ip(g) = g (g> g and Q l g for i > 1 is primitive in its 
component, 

^{Q l g) = g r ® Q l g + Q l g ® g 2 ' ' ■ 

ip being a coproduct map satisfies that 

ip(xy) = ip(x)ip(y). 

The expressions for and Q(g~ 1 Qg) in H*(n 2 S 2 ) in terms of g and Q l g can be obtained 

using the Cartan formula. They are, 

Qig- 1 ) = g- 4 Q(g) 
Q(g~ 1 Qg) = g- 2 Q 2 g + g- 4 (Qgf 

H*(B/3 2 k) is isomorphic to H*(B(3 2 k+i) [3 E]- We will show that B/3 2 k and B(3 2 k+i have 
homotopy equivalent _ffF2-localizations. 

Lemma 2.2. The cohomology ring H*(Bf3 2 k) is isomorphic to H*(Bf3 2 k+\)- In fact, Bf3 2 k and 
B@2k+i have homotopy equivalent H¥ 2 -localizations. 

Proof: Let x € Hi(Bf3 2 k). Hence x is an element of weight 2k and dimension i in li 2 [g, Qg, Q 2 g, ■ ■ ■]■ 
Hence gx is an element of weight 2k + 1 and dimension i. Hence gx 6 Hi(Bf3 2 k+\). Also, let y be 
a monomial in Z, 2 [g, Qg, Q 2 g, ■ ■ ■] of the dimension i and the weight 2k + 1, i.e. y £ Hi(B f3 2 k+i) ■ 
As each of the Q l g has even weight, y is divisible by g, and y/g = x£ Hi(B(3 2 k)- Also 

^(y) ^(fiOV'O) 
={g®g)il){x). 

Hence multiplication by g induces an isomorphism of coalgebras 

H*(B(3 2 k) H Sf (B(3 2 k+i). 

Hence, 

H*(Bf3 2k ) ^H*(Bp 2k+1 ). 

Furthermore, let i 2k '■ B(3 2k — » B(3 2 k+i be the inclusion map given by adding a point away from 
a given 2fc-tuple to get a 2k + 1-tuple. Then note that i 2kt is precisely multiplication by g. Hence 
*2fe» induces isomorphism on F2-homologies. Hence B(3 2k and B(3 2k +\ have homotopy equivalent 
iJF2-localizations. 

□ 
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The action of the dual of the Steenrod algebra on Bp k ) is given in the appendix of [5]. 

Let Sq* : H n (—) — > H n -j(—) be the dual of the jth Steenrod operation Sqi . Then 

Sq*{Q l g) =0 if j > 2. 
SqKQ'g) HQ'' 1 9? if * > 2 
S?J(Qs) =0. 

2.2. Cfc. The following description of the configuration spaces is taken from [15j , i.e. in turn from 

Let C(M 2 , Y) denote the space of all configurations of distinct points in R 2 with labels in Y . It 
is defined by 

oo 

C(R 2 ,Y) = (\Jf(R 2 ,j)x S] Y>)/ ~ 

3=1 

and if * G F is a fixed basepoint then the equivalence relation ~ is given by 

(xi,...,Xj) X Sj (tl,...,tj-l,*) ~ (xi,...,Xj-l) Xs 3 _ 1 (ti,...,tj-l). 

Let Cfc(R 2 , Y) denote the subspace of all configurations of length less than or equal to k. i.e. 

k 

C k (R 2 ,Y) = ({jF(R 2 ,3)x Sj 
j'=i 

We denote by C k the space C fc (R 2 , S 1 ). 

There is a relation between configuration spaces and iterated loop spaces(May-Milgram and 
Segal ) . If Y is a connected CW-complex then C (R 2 , Y) is homotopy equivalent to the based loop 
space £l 2 Yi 2 Y which is defined by 

n 2 Z 2 Y = {f : S 2 -> E 2 F|/(oo) = *} 

Hence C k can be considered as a finite dimensional approximation to Q?S 3 . 

ni(C k ) SZ. 

The Hopf map S 3 — > 5 2 induces a map of 2-fold loop spaces, from Sl 2 5 3 to il 2 ,? 2 . The long exact 
sequence of the homotopy groups of the fibration S 1 — > S 13 — > S 2 implies that 2 S* 3 — * f2 2 5 2 
gives the homotopy equivalence from O 2 ^ 3 to J^gS 12 . This helps in obtaining the following result 
(theorem 3.1, III, [9]), 

#*(|J C fc ) S ^(^o^ 2 ) = F 2 [<T 2 Q<?, Q(5" 2 Q.9), ■ ■ ■]• 

fc>0 

H*C k is the span of monomials of weight less than or equal to k, where the weight of Q z (g~ 2 Qg) 
is 2 l and it lives in the dimension 2 4+1 — 1. Proposition 1 from [15] shows that as coalgebras, 

H*(B(3 2k ) S if* (C fe ). 

Havlicek Q~2] has described the precise cohomology ring of C k as the dual to this coalgebra. 

2.3. Rat k . The space Ratk^CP 1 ) or Rat k is the space of based holomorphic maps S 2 — > S* 2 of 
degree fc. It can be described more precisely as the space of rational functions from C U oo to 
C U oo which sends oo to 1, i.e. 

- f(z) _ z fc +a fc -iz fc ~ 1 + ... + fl | 
' h(z) ~ z k + b k - 1 z k - 1 + . . . + b 

Ratk is a nilpotent space up to dimension k (corollary 6.3, |13p. i.e. the fundamental group 
of Ratk acts nilpotcntly on homotopy groups iZi(Rat k ) for 2 < i < k. Consider the map given by 
resultant of two polynomials 

R : Ratk ^C* 

(f/h) \-^resultant{f ', h). 



Rat k := { = — r — t— ■ — \f(z) and h(z) are coprime} 
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Then the map R induces an isomorphism of fundamental groups (proposition 6.4, |13| ) 

7ri (Ratk) — 1- 

There is a natural map Ratk —* ^k^ 2 which simply forgets that a map in Ratk is holomorphic. 
This map is well described in ([3], |13j). This induces a map 

X- ]]_Rat k ^fl 2 S 2 . 

k>0 

The map \ preserves the action of C 2 operad on the spaces Ii fe > Ratk and fl 2 S 2 . 

The map \ induces a map on the homologies and in the proof of Theoreml in |15j , it is shown 
that this induced map is an injection. The image of this map is a polynomial ring generated by g 
and Q l {g~ 1 Qg) for i > 0. To be precise, 

H*(]jRat k )=F 2 \ g ,g- 1 Qg,Q(g- 1 Qg),...]. 

k 

As before, g has weight 1 and dimension zero, and Q l ~ 1 {g~ 1 Qg), i > 1 has weight 2 l_1 and 
dimension 2 1 — 1. H^(Ratk) as a sub-coalgebra of Ratk) is generated by the monomials of 

weight k. Note again that the top dimensional homology of Ratk is generated by a single element. 

There is a one-to-one correspondence between the generators of Ratk) and -H*(U fe Bftk)- 

g of course corresponds to g and Q l ~ 1 (g~ 1 Qg) corresponds to Q % g. Note that in this correspon- 
dence, except for g, the weights of the generators of -ff*(]J fc Ratk) are exactly the half of the 
weights of the generators they correspond to in H*(\Jk B(3k)- 

The coproduct structure on H^(Ratk) is as follows. g~ x Qg is primitive in its component, but 
Q l {g Qg) is not primitive in its component for i > 1. 

^(g^Qg) = g ® g^Qg + g^Qg ® g. 

And for i > 1, 

Wig^Qg) =g T ® Q l {g^Qg) + Q l g ® (.g" 1 ^) 2 ' + Or 1 ^) 2 ' ® Q l <? 

0,2'+ 1 -l 2*-l,2* 2^2^-1 

+ Q i (3^ 1 Q5)®5 2 '. 

^ v ' 

2 i + 1 -l,0 

Numbers appearing below a symbol indicate the dimension in homology of the corresponding 
symbol, i.e. (0, 2 l+1 — 1) below g 2 ®Q l (g~ 1 Qg) indicate that g 2 is zero dimensional and dimension 
of QHg^Qg) is 2 ,;+1 - 1. 

3. F2- COHOMOLOGY RING OF Rat k IS NOT ISOMORPHIC TO THAT OF B/3 2 k OR Cfe 

This section proves that if k is not equal to 1 or 3, then the cohomology ring of Ratk with 
coefficients in F 2 is not isomorphic to the cohomology ring of Bfi 2 k or Ck with coefficients in F 2 . 
Totaro [TS] has shown this statement when k + 1 is not a power of 2. For k = 1, all three spaces 
Rati, Bj3 2 and C\ are homotopy equivalent ot S 1 . For fc = 3, the three spaces Rat^, Bf3^ and C3 
have isomorphic F p -homology as coalgebras for any prime p. Following theorem shows the result 
for the remaining values of fc, that is when k + 1 is a power of 2 and k > 3. This in particular 
shows that if k is not equal to 1 or 3, then there does not exists any sequence of maps 

B(3 2 k — > X\ <— Ratk 

each of which induces isomorphism on F2-homology. Hence in the context of [2] our result implies 
that the two spaces Ratk and B(3 2 k can not have homotopy equivalent iJF^docalizations. For 
completeness, we include Totaro's argument when k + 1 is not a power of 2. 

Theorem 3.1. The ¥ 2 - cohomology of Ratk is not isomorphic to the ¥ 2 - cohomology of B(3 2 k or 
Ck except when k — 1 or 3. 
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Proof: 

Firstly assume that fc + 1 is not a power of 2. Let 

The top dimensional homology group of both Ratk and B(3 2 k is 1-dimcnsional. H 2 k-\j\, the 
top dimensional homology of Ratk is spanned by x equal to rijeJ Q : '(d~ 1 Q9) an d of -B/32fc by y 
equal to fX^ j Q J+ V 

Consider the set 

S(x) = {s>0\iP(x)\ Hs ® Hd _ a ^0}. 

Similarly define S'(y). The aim is to show that S(x) is not equal to S(y) which implies that the 
homologies of Ratk and Bj3 2 k are not isomorphic as coalgebras. 

Let r be the smallest integer such that re J but r — 1 ^ J. As fc + 1 is not a power of 2, such 
a r exists. We observe that ip(x) is non-zero in H 2 r_i ® Hdim(x)-(2 T -\) ■ 

^{x) = \{^{Q\g- 1 Qg)). 

je.J 

There is at least one term in dimension H 2 T_i®H dim ( X }_( 2 r_ 1 j m the expansion of ^{Q 3 \g~ 1 Qg)), 
which is 

Q r g II /®(s~W II Wis^Qg)- 

As r — 1 ^ J, there is no other term of this dimension in ij){x). Hence 2 r — 1 e 5(a;). 

^0/) = II ( 5 23+1 ® + ® g 23+1 ) ■ 

1 0,2i+ 1 -l 23+ 1 -l,0 

Note that ip(y) is zero in dimension .HV-i <8> -ffdim(x)-(2 r -i) as r — 1 ^ J. Hence 2 r — 1 ^ S(y) 
and S(x) 7^ ^(y)- This proves that whenever fc + 1 is not a power of 2, the cohomology rings 
H*(Ratk) and H*(Bf3 2k ) or H*(C\) are not isomorphic. 

Now assume that fc + 1 is a power of 2, and assume that 

r 

fc = ^2 J ' = 2 r+1 -l. 


We continue to denote by a; the generator of the top dimensional homology group of Ratk, 

r 

x = \{QH.q- 1 Qg) 



and by y, the generator of the top dimensional homology group of Bf3 2k , 

r 

y = UQ j+1 g. 



For both spaces, the top dimension of homology is d = 2 r+2 — r — 3. 
Let S(x) and S(y) be as before and we will show that S(x) ^ S(y). 



Hy) = T[m 3+1 g) 



= i{(g 23+1 ®Q ]+1 g + Q 1+1 g®g v+1 ) 

0,23 + 1-1 23 + !-l,0 
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Numbers (0, 2 J+1 — 1) appearing below g 2J+1 <g> Q^ +1 g indicate the dimension in homology of 
the corresponding element, i.e. g 2,3 has dimension and Q^ +1 g has dimension 2 J+1 — 1. Hence 
dimensions which appear in ip(y) are precisely those which appear in the expression 

(((1,0) + (0,1)) -((0,3) + (3,0)) -((0,7) + (7,0))-...) 

From this expression, it is clear that 2 ^ S(y) and 5 ^ S(y). 
It turns out that although 2 ^ S(x), 5 <E S(x). 

r 

^(x) = ^( g - 1 Q g )l[ 1 p(Q j (g- 1 Qg)) 
i 

Using the expressions for ip(g~ 1 Qg) and ipiQ 3 (g~ 1 Qg)), we get that the dimensions which 
appear in ip(x) are from the expression 

((0, 1) + (1, 0)) • (((0, 3) + (1, 2) + (2, 1) + (3, 0)) • ((0, 7) + (3, 4) + (4, 3) + (7, 0)) • . . . ) 

There are exactly two ways to obtain dimension (2, d— 2). Namely, (1, 0)® (1, 2)(g>(0, 7)(g>. . . and 

(0, 1) ® (2, 1) (g> (0, 7) ® The expression corresponding to dimensions (1, 0) <S> (1, 2) is (g~ 1 Qg ® 

g) ■ (Qg ® (g~ 1 Qg) 2 ), which is g~ 1 {Qg) 2 ® g~ 1 (Qg) 2 - By symmetry, expression corresponding to 
(0, 1) <8> (2, 1) is also g~ 1 (Qg) 2 <g> g^HQg) 2 - Hence, 

r 

V>(*)k^_ 2 = .^ 1 (g5) 2 ®.9" 1 (Q5) 2 II(-9 2J ' ®Q J '(5 _1 Q.9)) 

2 

r 

+ ^(Qs) 2 ® ^(Qs) 2 II ® Vig^Qa))- 

2 

Because the coefficients of the homology are in F 2 , the two terms cancel each other. Hence, 
2 i S{x). 

There are exactly four ways to obtain dimension (5,rf — 5). Namely (1,0) ® (1,2) ® (3,4), 
(0, 1) <8> (2, 1) ® (3, 4), (1, 0) ® (0, 3) <g> (4, 3) and (0, 1) <8> (1, 2) ® (4, 3). From the paragraph above, 
first two of these, (1, 0) <8> (1, 2) (3, 4) and (0, 1) <S> (2, 1) ® (3, 4) cancel with each other. Hence, 

r 

1>(x)\ Hs9Hd _ t = (g- 1 Qg®g)(g 2 ®Q(9- 1 Qg))((9- 1 Qg) 4 ®0 2 (g))l[(g* ' ® 3' V 1 <?<?)) 

3 

r 

+ (<? ® g^QgKQg ® (<T WXGrW ® Q 2 .9) II ^Gr'Qs)) 

3 



=^(aOk®jr,,_ B = g 2 (g 1 Qg) 6 ®g0 2 gQ(g- 1 Qg)I[{ff* ' ® ^GT 1 <?<?)) 

3 

r 

+ .9VQ5) 5 ® (g^QgfQtgJlig 21 Q&ig^Qg)) 

3 

Using that Qig^Qg) = .9- 2 Q 2 (.9) + .9~ 4 (Qs) 3 , 

r 
3 

This implies that 5 £ S(x), proving the result when + 1 is a power of 2. 

□ 
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4. Some Questions 

Fp-cohomology rings of Rat 3 , B(3q and C3 are isomorphic to each other. For p > 2, it follows 
from section 6, [15]. For p = 2, we can see this by hand. 

H*(B(3 6 ) is the span of monomials of weight 6 in ¥ 2 [g, Qg, Q 2 g 1 • • •]• And these are g 6 (dim 
0), g 4 Qg (dim 1), g 2 (Qg) 2 (dim 2), g 2 Q 2 g, (Qg) 3 (both dim 3) and Q 2 gQg (dim 4). H*(Rat 3 ) is 
the span of monomials of weight 3 in ¥ 2 [g, g~ 1 Qg, Q(g~ 1 Qg), • ■ •]■ And these are g 3 (dim 0), gQg 
(dim 1), g^iQg) 2 (dim 2), <T 3 (Q ff ) 3 , gQig^Qg) (both dim 3) and g^QgQig^Qg) (dim 4). It 
is easy to check from above that H*(B(3 6 ) is isomorphic as a coalgebra to H*(Rat 3 ) proving that 
Rat 3 , B/3q and C3 have isomorphic F 2 -cohomology rings. 

We can also see by hand that the action of the Steenrod algebra on H*(Rat 3 ) and H ar (B(3 & ) is 
the same. Consider g 2 Q 2 g G H 3 (B/3 e ). Then 

Sq* 1 (g 2 Q 2 g) = g 2 (Qg) 2 . 

The element corresponding to g 2 Q 2 g in H 3 (Rat 3 ) is gQ{g~ 1 Qg). 

Sql{gQ{g- l Qg)) =Sq* 1 (g- 1 Q 9 ) + g- 3 (Qg) 3 

=g-\Qg) 2 - 

g 2 (Qg) 2 G H 2 {B(3q) corresponds to g~ 1 (Qg) 2 £ H 2 (Ratz). Similarly, by checking for each gener- 
ator, we can verify that the action of Sq\ on H^(Rats) and H*(B(3q) is the same. 

It is still unknown if Rat^, B(3§ and C3 have homotopy equivalent iif ^-localizations or not. 
Also it is still unknown for p > 2 and k > 2, if Ratk, B(3 2 k and Ck have homotopy equivalent 
i/Tp-localizations or not. 

Cohen-Shimamoto [lOj have shown that Rat 2 and C 2 are not homotopy equivalent to each other 
by considering natural Z-coverings of these spaces. 

7ri(itotfc)9*7ri(Cfc){*Z. 

Let Ratk and Ck be the universal covers of Ratk and Ck respectively. Let D 2 be the Z/2-Moore 
space S^L^e 3 . It is known that C 2 is stably homotopy equivalent to S 1 VD 2 P3]. Cohen-Shimamoto 
show that C 2 is homotopy equivalent to S 1 V D 2 . Hence we can precisely calculate 

H 2 (C 2 ;Z) S 7r 2 (C 2 ) £* 7T 2 (C 2 ) 

which is infinitely generated. Whereas -Raifc is homotopy equivalent to for the resultant 

map i? : Ratk — > C*. is a finite CW-complex and hence H*(Ratk; Z) is finitely generated. 

This shows that Z-homologics of i?at 2 and C 2 are not isomorphic and that 

n 2 {C 2 ) ¥n 2 (Rat 2 ). 

Let 7fc be the commutator subgroup [(3k, Pk] of (3k- Then there is a short exact sequence 

-> 7fe -» & -» Z -> 0. 

Let J57fe denote the classifying space of 7fc . The F p -homology of Bjk is calculated in (theorem 
4, [4]), and it is finitely generated. 

We conjecture that homology of Ck is infinitely generated for many values of k whereas we 
already know that homologies of Ratk and B-fk are finitely generated for all k. 
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